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Abstract
We study implications of the curvaton, a late-decaying light scalar field, on in-
flationary cosmology, paying particular attentions to modifications of observable
quantities such as the scalar spectral index of the primordial power spectrum and
the tensor-to-scalar ratio. We consider this issue from a general viewpoint and dis-
cuss how the observable quantities are affected by the existence of the curvaton. It
is shown that the modification owing to the curvaton depends on class of inflation
models. We also study the effects of the curvaton on inflation models generated by
the inflationary flow equation.
1 Introduction
Recent precise observations of the cosmic microwave background (CMB) radiation [1] and
the large scale structure [2] have provided deep insights into the origin of the cosmic density
fluctuations. In particular, it has become clear that the primordial density fluctuation is
almost scale invariant. As a mechanism to generate the scale invariant density fluctuation,
inflation [3] is the most prominent candidate.
Even with inflation, however, it is not automatic to make the present density fluc-
tuations to be consistent with the observational constraints. In the standard scenario,
fluctuation of the inflaton field, whose potential energy is responsible for the energy den-
sity during the inflation, is generated during the inflation and it becomes the origin of the
present density fluctuations. In this case, properties of the present density fluctuations are
determined once the inflaton potential is fixed, and we obtain constraints on the individual
inflation models.
If there exists some scalar field other than the inflaton, however, the mechanism of
generating the cosmic density fluctuations may become more complicated. In particular,
with a scalar field whose mass is much smaller than the expansion rate during the inflation,
fluctuation is imprinted in the amplitude of such scalar field, which provides another
potential source of the present density fluctuations. In this paper, we consider one of such
examples, the curvaton [4].#1 In the curvaton scenario, there exists a late-decaying scalar
condensation (the curvaton) which acquires amplitude fluctuation during the inflation.
When the curvaton decays, fluctuation of the curvaton amplitude becomes the fluctuation
of the radiation (and of other components in the universe). Thus, if the curvaton exists,
properties of the present density fluctuations change compared to the standard scenario
only with the inflaton. From the particle physics point of view, there are various well-
motivated candidates of the curvaton [7].
Since the recent results from Wilkinson microwave background probe (WMAP) [1]
provided severe constraints on the properties of the primordial density fluctuations, it is
interesting to reconsider the observational constraints in the framework of the curvaton
scenario. With the curvaton, it is expected that the constraints on the inflation models
are changed (and possibly relaxed) compared with the case without the curvaton.
Indeed, in the past, it was pointed out that the constraints on the scale of the inflation is
drastically relaxed with the curvaton [8]. Then, there have been subsequent works focusing
on the low scale inflation in the curvaton scenario [9, 10, 11, 12]. Furthermore, in Ref.
[13], the authors has shown that the quartic chaotic inflation model, which is marginally
excluded by WMAP observations, becomes viable when the curvaton mechanism applies.
In Ref. [14], several other inflation models were investigated such as chaotic inflation
with several monomials, the natural inflation model and the new inflation model. The
discussions made in Refs. [13, 14] are mainly based on the scalar spectral index and the
tensor-to-scalar ratio. Importantly, although some inflation models can become viable with
#1There is another mechanism producing the primordial fluctuation such as inhomogeneous reheating
or modulated reheating [5, 6]. In this paper, we do not consider this possibility.
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the curvaton even if they are excluded by current observations, there exist other class of
models which cannot be liberated even with the curvaton. In particular, in Ref. [14], it
was discussed how the liberation of inflation models depends on model parameters such
as the initial amplitude, mass and decay rate of the curvaton field.
In this paper, we discuss the implication of the curvaton on inflation models from some
general points of view. In the previous works, the analysis have been rather dependent
on inflaton potentials. Of course, it is important to study individual inflation models
motivated from, in particular, particle physics point of view. It is, however, also possible
to adopt some other approach, parameterizing the inflation models by using the slow-roll
parameters (at some epoch during the inflation). In this approach, one generates inflation
models with some stochastic method such as using the inflationary flow equations [15, 16].
Such a method has been used in many studies including the one by the WMAP team
and constraints on inflation models have been discussed [17, 18, 19, 20, 21, 22]. Although
other approaches such as stochastic approaches or implementations of the flow equation
are proposed [23], we discuss the implications of the curvaton on inflation models generated
by the usual flow equation as an example.
The organization of this paper is as follows. In the next section, we start with briefly
reviewing the formalism to study how observable quantities are affected in the system con-
taining the inflaton and the curvaton. We discuss how the standard scenario is modified
in terms of the background evolution and the perturbation. We also review the classifi-
cation of single-field inflation models. After the preparation, in section 3, we go into how
observational quantities are affected by introducing the curvaton and discuss it from some
general viewpoints. In section 4, we consider the effects of the curvaton on inflation models
generated by the inflationary flow equation. Then we conclude this note by summarizing
the results in the final section.
2 Formalism
2.1 Background evolution
First we present the background evolution in the curvaton scenario comparing its coun-
terpart of the standard case.
In the standard case, the potential energy of the inflaton drives the inflation. During
inflation, the inflaton slowly rolls down the potential. However, at some point, the inflaton
starts to roll fast down the potential hill, then the inflaton begins to oscillate around the
minimum of the potential. When the potential of the inflaton can be approximated by the
quadratic form as V (χ) ∼ (1/2)m2χχ2, the energy density of the inflaton behaves as matter
component. Then the universe is dominated by the oscillating inflaton. We call this epoch
“χ dominated” or “χD.” After some time, when the expansion rate of the universe, namely
the Hubble parameter, becomes as the same as the decay rate of the inflaton, the inflaton
decays into radiation. Then the universe becomes radiation dominated. This is, what we
call, the standard thermal history of the universe.
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When the curvaton exists, above picture is modified. First we consider the case where
the initial amplitude of the curvaton is so small that the potential energy of the curva-
ton does not drive the (second) inflation. During inflation, the curvaton field stays at
somewhere on the potential. If we adopt the potential of the curvaton to be of the form
V (φ) ∼ (1/2)m2φφ2, the curvaton begins to oscillate around the minimum of the potential
when the Hubble parameter becomes of the same order of the mass of the curvaton. Dur-
ing this epoch, the energy density of the curvaton behaves as ordinary matter. This event
usually happens when the universe is dominated by radiation which comes from the decay
of the inflaton. Since the energy density of matter decreases slower than that of radiation,
at some point, the energy density of the curvaton becomes to dominate the universe. We
call this epoch as φ dominated or φD. After some time, the curvaton also decays into
radiation when the expansion rate of the universe becomes of the same order as the decay
rate of the curvaton. Then the universe becomes radiation dominated again. We call this
epoch as RD2 not to confuse with the radiation dominated epoch from the inflaton decay.
(We call the first radiation dominated epoch as RD1.)
Next we discuss the case where the energy density of the curvaton can drive the second
inflation after the first one induced by the inflaton. When the initial amplitude of the
curvaton is large enough, the second inflation can happen after the χD or RD1 epoch before
φ starts to oscillate. In this case, the universe experiences the inflation era driven by the
inflaton, χD era, RD1 era and the second inflation driven by the curvaton potential energy,
followed by the φD era and RD2 era. The second inflation can modify the observable
quantities drastically in some cases. We discuss this point later.
2.2 Density perturbations: Standard case
Now we briefly review the issue of density perturbation in the standard case.
To discuss observational consequences, we have to set up the initial condition during
radiation dominated era after the decay of the inflaton. For this purpose, we represent the
primordial power spectrum with the (Bardeen’s) gravitational potential Φ which appears
in the perturbed metric in the conformal Newtonian (or longitudinal) gauge as
ds2 = −a2(1 + 2Φ)dτ 2 + a2(1− 2Ψ)dx2, (2.1)
with τ being the conformal time. The quantum fluctuation of the inflaton δχ during
inflation generates the curvature perturbation as R = −(H/χ˙)δχ. Since δχ ≃ H/2π and,
Φ and R are related as Φ = −(2/3)R during radiation-dominated era, the power spectrum
of the curvature perturbation from the inflaton fluctuation is [24]
P
(inf)
Φ = [1− 2(1 + 3C)ǫV + 2CηV ]
1
12π2M6pl
V 3inf
V
′2
inf
∣∣∣∣
k=aH
, (2.2)
where the “prime” represents the derivative with respect to χ and C = −2+ ln 2+γ, with
γ ≃ 0.577 being the Euler’s constant. Here, we used the “potential” slow-roll parameters.
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There are two ways to define the slow-roll parameters: one is the one using inflaton
potential and the other is the one using the Hubble parameter. The “potential” slow-roll
parameters are defined as
ǫV ≡ 1
2
M2pl
(
V ′inf
Vinf
)2
, ηV ≡M2pl
V ′′inf
Vinf
, ξ2V ≡M2pl
V ′infV
′′′
inf
V 2inf
. (2.3)
where the third parameter ξ2V is considered to be the second order in the slow-roll.
The “Hubble” slow-roll parameters are defined as
ǫH ≡ 2M2pl
(
H ′
H
)2
= ǫV ,
ηH ≡ 2M2pl
H
′′
H
= −ǫV + ηV ,
ξ2H ≡ 2M4pl
H ′H
′′′
H2
= ξ2V − 3ǫV ηV + 3ǫ2V (2.4)
where we also write the relation between the Hubble and potential slow-roll parameters
to the first order in slow-roll.
The scalar spectral index is defined as
ns − 1 ≡ d lnPΦ
d ln k
. (2.5)
Using the slow-roll parameters, the spectral index can be written as
n(inf)s − 1 = −6ǫV + 2ηV − 2(7 + 12C)ǫ2V + 2(3 + 8C)ǫV ηV − 2Cξ2V , (2.6)
where “(inf) ” represents that the expression of ns is for the case where primordial fluctu-
ation comes from the fluctuation of the inflaton.
In the second order, we have the running of the scalar spectral index which is
d lnn
(inf)
s
d ln k
= −24ǫ2V + 16ǫV ηV − 2ξ2V . (2.7)
During inflation, the gravity wave can also be generated. The primordial gravity wave
(tensor) power spectrum is given by
P
(inf)
T =
2Vinf
3π2M4pl
. (2.8)
With this expression, the tensor-to-scalar ratio r is defined and given by
r(inf) ≡ P
(inf)
T
P
(inf)
R
=
4
9
P
(inf)
T
P
(inf)
Φ
= 16ǫV (1 + 4CǫV − 2CηV ) . (2.9)
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2.3 A classification of inflation models
Here we discuss one of possible classifications of single-field inflation models. In many
literatures, the following classification has been used; single-field inflation models can
be classified into the “small-field,” “ large-field” and “hybrid-type” models [25]. In this
classification, the models are classified on the ns − r plane and distinguished by the value
of the slow-roll parameters or the first and second derivatives of the inflaton potential.
To the first order in the slow-roll parameters, the observational plane (ns, r) is uniquely
divided into the three classes. In this section, we consider the slow-roll approximation in
the first order.
The “small-field” models are identified with the condition V ′′(χ) < 0 and (V ′/V )2 >
V ′′/V , which also means 2ǫV > 0 > ηV . This category includes, for example, the new and
natural inflations. The generic potential of this type is
V (χ) = λv4
[
1−
(χ
v
)p]
. (2.10)
The scalar spectral index and the tensor-to-scalar ratio of this type of model can be
written with the slow-roll parameter defined in Eq. (2.3) and the number of e-foldings
during inflation which is defined as Ne ≡ ln(aend/a∗) where aend and a∗ are the scale factor
at the end of inflation and the time of horizon crossing. Using the slow-roll approximation,
Ne is given by
Ne =
1
M2pl
∫ χ∗
χend
Vinf
V ′inf
dχ. (2.11)
Using the e-folding number Ne, the slow-roll parameters for this type of model are given
by, for p > 2,
ǫV =
p2
2
(
Mpl
v
)2 [
1
p(p− 1)Ne
(
v
Mpl
)2] 2(p−1)p−2
, (2.12)
ηV = −p− 1
p− 2
1
Ne
(2.13)
For v < Mpl, the ǫ parameter becomes very small, thus the spectral index is given by
n(inf)s − 1 = −2
p− 1
p− 2
1
Ne
(2.14)
The “large-field models” are identified with the condition V ′′(χ) > 0 and (V ′/V )2 >
V ′′/V , which also means 2ǫV > ηV > 0. This category includes, for example, the chaotic
inflation. The generic potential of this type is
V (χ) = λM4pl
(
χ
Mpl
)α
. (2.15)
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The ns and r are obtained as similarly as the case with the small-field models as
n(inf)s − 1 = −
α + 2
2Ne
, (2.16)
r(inf) =
4α
Ne
. (2.17)
Thus inflation models in this category predict red-tilted scalar primordial spectrum and
relatively large tensor-to-scalar ratio.
The final one, “hybrid-type” models are identified with the condition V ′′(χ) > 0 and
(V ′/V )2 < V ′′/V , which implies 2ǫV < ηV . This category includes, the hybrid inflation
model as the name tells. Only models of this category can give blue-tilted spectrum.
2.4 Effects of the curvaton fluctuation
Here we briefly review the effects of the fluctuation of the curvaton on the observable
quantities such as ns and r. (For details, see [13, 14, 26].) For the case where the fluctua-
tions of the inflaton and the curvaton both affect the cosmic density perturbation today,
the gravitational potential during RD2 era is given by
ΦRD2 = − [1− (1 + 3C)ǫV + CηV ] 2
3M2pl
Vinf
V ′inf
δχinit − f(X)δφinit
Mpl
, (2.18)
where δφinit is the primordial fluctuation of the curvaton, and
X =
φinit
Mpl
. (2.19)
The function f(X) represents the size of the contribution from the fluctuation of the
curvaton. f(X) can be calculated using the linear perturbation theory [13]. Assuming
that the curvaton dominates the universe once in the course of the history of the universe,
f(X) can be given, for small and large X , by
f(X) ≃


4
9X
: φinit ≪ Mpl
1
3
X : φinit ≫ Mpl
. (2.20)
Using Eq. (2.18), the scalar spectral index can be written as
PΦ =
[
1 + f˜ 2(X)ǫV − 2(1 + 3C)ǫV + 2CηV
] Vinf
54π2M4plǫV
, (2.21)
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where f˜ = (3/
√
2)f . Thus the scalar spectral index is given by using Eq. (2.6)#2
ns − 1 = −2ǫV + 2ηV − 4ǫV
1 + f˜ 2ǫV
− 2(7 + 12C)ǫ2V + 2(3 + 8C)ǫV ηV − 2Cξ2V (2.22)
The running of the scalar spectral index is given by
d lnns
d ln k
= 4ǫV (ηV − 2ǫV )− 16ǫ
2
V − 12ǫV ηV + 2ξ2V
1 + f˜ 2ǫV
+
4f˜ 2ǫV (ηV − 2ǫV )2
(1 + f˜ 2ǫV )2
. (2.23)
The tensor power spectrum is not modified even with the curvaton. However, since
the scalar perturbation spectrum is modified, the tensor-to-scalar ratio becomes
r =
16ǫ
1 + f˜ 2ǫ
(1 + 4CǫV − 2CηV ). (2.24)
2.5 Effects of modification of the background evolution
Here we discuss effects of the modification of the background evolution due to the curvaton.
Generally, the observable quantities such as the scalar spectral index and the tensor-to-
scalar ratio depends on the field value of the inflaton at the time of horizon crossing which
can usually be expressed with the number of e-foldings during inflation. The fluctuation
which corresponds to some reference scale kref at present epoch can be approximately
given, in the standard case, as [27]
kref
a0H0
=
akHk
a0H0
= e−Ne(k)
aend
areh
areh
a0
Hk
H0
(2.25)
where “end” and “reh” denote the time when the inflation ends and the reheating epoch,
i.e., the beginning of RD epoch. Thus the e-folding number during inflation is given by
Ne(k)
(standard) ≃ − ln k
a0H0
− n+ 2
6n
ln
ρend
ρreh
+
1
3
ln
s0
sreh
+ ln
Hinf
H0
(2.26)
where we assumed that the energy density of the oscillating inflaton behaves as ρχ ∝
a−6n/(n+2) which corresponds to the case with inflaton potential Vinf ∝ χn. sreh and s0
are the entropy density at present time and time of reheating, respectively. In the last
term, we assumed that the Hubble parameter is almost constant during inflation, thus we
#2Here we assume that the mass of the curvaton is much smaller than that of the inflaton. Thus we
can neglect the term in the expression of ns which comes from the curvature of the curvaton potential as
±2ηφφ where the positive and negative signs are for the case with X < 1 and X > 1 respectively and
ηφφ =M
2
pl
m2φ
Vtotal
.
Here Vtotal = Vinf + Vφ.
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replaced Hk with Hinf . Notice that the decay rate of the inflaton Γχ and parameters in
the potential are needed to determine Ne exactly. Depending on Γχ and the parameters
in the potential, the number of e-folding can be changed as
Ne ≃ 4− α
6α
ln Γχ + · · · (2.27)
Now we discuss the e-folding number in the curvaton scenario. When the curvaton is
introduced, Eq. (2.25) is modified as
kref
a0H0
= e−Ne(k)
(curvaton) aend
areh1
areh1
ainf2
ainf2
aφD
aφD
areh2
areh2
a0
Hk
H0
(2.28)
where “reh1,” “inf2,” “φD2,” and “reh2” denote the time when the first radiation domi-
nated epoch begins, the second inflation begins, the oscillating curvaton dominated begins
and the second radiation dominated epoch begins, respectively. When the initial ampli-
tude of the curvaton is small (φinit ≪ Mpl), there is no second inflation. In that case,
(areh1/ainf2)(ainf2/aφD) should be replaced with (areh1/aφD).
Assuming that the curvaton field does not dominate the energy density of the universe
when the curvaton begins to oscillate,#3 namely the case with no second inflation driven
by the curvaton, we get [28].
Ne(k)
(curvaton) ≃ Ne(k)(standard) − 1
12
ln
ρφD
ρreh2
≃ Ne(k)(standard) − 1
6
ln
mφ
Γφ
− 2
3
ln
φinit
Mpl
(2.29)
In Fig. 1, we plot contours of constant ∆Ne ≡ N (curvaton)e −N (standard)e in the mφ/Γφ vs. X
plane. Requiring that the curvaton dominates the energy density of the universe after the
first radiation dominated epoch, i.e., ρφ > ρrad at the time when the curvaton decays into
radiation, we have the relation among the mass, the decay rate and the initial amplitude
of the curvaton as
mφ
Γφ
>
1
9
X4. (2.30)
In Fig. 1, the region where the above inequality is not satisfied is represented with small
circles.
As seen from Eqs. (2.14) and (2.16), the scalar spectral index in the small-field and
large-field models are inversely proportional to Ne. Thus slight change of Ne affects n
(inf)
s
as |∆n(inf)s | ∼ ∆Ne/N2e . This implies that, requiring |∆n(inf)s | < 0.001, ∆Ne < 4 − 5 for
Ne = 50 − 60. Notice that the uncertainty of the e-folding number Ne also comes from
the inflaton sector through the decay rate of the inflaton and the form of the potential,
in particular around the minimum (i.e., the potential which the inflaton feels when the
inflaton oscillates.)
#3This assumption almost corresponds to the condition φinit ≤Mpl.
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Figure 1: Contours of constant ∆Ne in the mφ/Γφ vs. X plane. The region where the
curvaton does not dominate the universe is represented with small circles.
When the second inflation occurs, the number of e-foldings can be written as
Ne(k)
(curvaton) ≃ Ne(k)(standard) −N2 − 1
12
ln
ρφD
ρreh2
≃ Ne(k)(standard) −N2 − 1
6
ln
mφ
Γφ
− 1
6
ln
φinit
Mpl
(2.31)
where N2 represents the e-folding number during the second inflation which can be 20−30
[14]. Thus, in this case, Ne drastically reduced due to the second inflation driven by the
curvaton, which significantly affects the observational quantities.
9
3 Effects on the Observable Quantities
Now we discuss how the curvaton affects the quantities such as ns and r. In this section,
we assume that the initial amplitude of the curvaton is small compared with the Planck
mass and the change of the number of e-foldings is also small. Furthermore, we denote the
scalar spectral index for the standard case (i.e., the case with the inflaton fluctuation only)
as n
(inf)
s and that for the case with the inflaton and the curvaton as ns. In this section, we
consider the slow-roll in the first order.
First, we discuss to what extent the scalar spectral index is modified when the curvaton
comes into play. For this purpose, we show contours of constant ns−n(inf)s in the n(inf)s −1
vs. r(inf) plane in Fig. 2. In the figure, we fix contribution from the fluctuation of the
curvaton as f˜ = 5 which corresponds to the case with φinit ∼ 0.1Mpl. Interestingly, in
the “hybrid-type” models, the scalar spectral index always decreases, on the other hand,
in the “small-filed” and “large-field” models, ns increases. This is easily understood from
Eq. (2.22). When 2ηV − 4ǫV is positive, which is the boundary of the “hybrid-type” and
“large-field” models, the contribution from the curvaton always suppresses the second term
in Eq. (2.22). Thus ns becomes smaller. When 2ηV −4ǫV is negative, which is the case for
“small-field” and “large-field” models, the opposite happens, namely ns becomes larger.
In addition, as seen from Eq. (2.22), the contribution from the curvaton fluctuation comes
in the combination of ǫV f˜
2. Thus models with small ǫV cannot be affected by the curvaton
fluctuation much. The “small-field” model mostly covers a region where the ǫV parameter
is small. Thus, as for the scalar spectral index, we can observe the following feature for each
class of inflation models: In the hybrid-type inflation models, the spectral index always
decreases. In the large-field inflation models, the scalar spectral index always increases.
In the small-field inflation models, the scalar spectral index increases very slightly, and
this class of models are not significantly affected by the existence of the curvaton much.
Next we discuss f˜ dependence of the scalar spectral index. In Figs. 3 and 4, the
changes of ns − 1 are shown as a function of f˜ . In Fig. 3, the case with the “small-field”
model (r(inf) = 0.01) and the “large-field” case (r(inf) = 0.2 and 0.4) are shown. As seen
from the figure, for “small-field” model, (i.e., the case with small r(inf)), the change of ns
is small compared to the case with the “large-field” models. In Fig. 4, the case with the
“hybrid-type” are shown. We can see from these figure that cases with small r(inf) (or ǫ)
shows slow response to the increase in f as mentioned above.
Next we consider how the tensor-to-scalar ratio is affected by the existence of the
curvaton. For this purpose, in Fig. 5, we plot r/r(inf) as a function of r(inf) for several
values of f˜ . As easily seen from Eq. (2.24), the effects of the curvaton always suppress the
tensor-to-scalar ratio. Furthermore, its effect is larger when the ǫV parameter (i.e., r
(inf))
is large since the contribution from the curvaton comes in the form of ǫV f˜
2 as discussed
above.
Here we comment on the consistency relation of the inflationary quantities. In the
standard single inflaton case, we have the consistency relation which is
r(inf) = −8nT . (3.32)
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nf)
0.04
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0.0
-0.02
-0.06
-0.1
-0.14
-0.18
-0.2 -0.1  0  0.1  0.2
ns
(inf)
 − 1
 0
 0.2
 0.4
 0.6
 0.8
 1
Figure 2: Contours of constant ns − n(inf)s in the n(inf.)s − 1 vs. r(inf) plane. For reference,
boundaries of “small-field,” “large-field” and “hybrid-type” models are also shown. Notice
that the boundary between the “large-field” model and “hybrid-type” model coincides with
the contour of ns − n(inf)s = 0. We fixed the size of the contribution from the curvaton
fluctuation as f˜ = 5.
In the curvaton scenario, this equation is modified as [13]
r =
−8nT
1− f˜ 2nT/2
. (3.33)
Thus the consistency relation is also modified. This can be used to differentiate between
the standard and curvaton scenarios. It is also important to notice that Eq. (3.33) can be
used to obtain f˜ , in other words, the initial amplitude of the curvaton since f˜ is determined
once nT and r are observationally determined.
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Figure 3: ns − 1 as a function of f˜ for n(inf)s − 1 = −0.06. Here, we take r(inf) = 0.4 (solid
line), 0.2 (dashed line) and 0.01 (dotted line).
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Figure 4: Same as Fig. 3, except for n
(inf)
s − 1 = 0.02.
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Figure 5: The ratio r/r(inf) as a function of r(inf). Here, we take f˜ = 5, 10, and 50.
4 Analysis with the Flow Equation
In this section, we discuss the effects of the curvaton on inflation models using the flow
equation approach [15], which is widely accepted to study some aspects of generic inflation
models [16, 17, 18, 19, 20, 21, 22, 23]. Before we consider the effects of the curvaton, first
we briefly review this approach, following Ref. [16].
4.1 Flow equation
In this section, we make use of the Hubble slow-roll parameters which are defined in
Eqs. (2.4). We can extend the Hubble slow-roll parameters up to an arbitrary order as
lλH ≡
(
2M2pl
)l 1
H l
(
dH
dχ
)l−1
d(l+1)H
dχ(l+1)
; l ≥ 1. (4.34)
In fact, 1λH and
2λH correspond to ηH and ξH respectively. Using the definitions of the
Hubble slow-roll parameters and
d
dN
=
√
2Mpl
√
ǫH
d
dχ
, (4.35)
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we can obtain differential equations which are called “inflationary flow” equation as
dǫH
dN
= 2ǫH(ηH − ǫH),
dσH
dN
= −5ǫHσH − 12ǫ2H +
(
2λH
)2
,
d(lλH)
dN
=
[
l − 1
2
σH + (l − 2)ǫH
]
lλH +
l+1λH ; l ≥ 2. (4.36)
Here we defined σH = 2ηH − 4ǫH for convenience. It is known that there are two classes
of fixed points in the system of the equations (4.36) [16]. The first class is the case with
ǫH =
lλH = 0 and σH = constant. The second one is the case with σH = −2ǫH =constant
and 2λH = ǫ
2
H , which corresponds to the case with the power-law inflation.
Using the flow equation, we computed 50000 realizations of inflation models following
the method of Ref. [16]. We truncated the hierarchy at the fifth order to have a finite set
of equations for numerical calculations by setting lλH = 0 for l ≥ 6. To generate inflation
models, we randomly choose the initial conditions for the slow-roll parameters as
0 ≤ ǫH ≤ 0.8, − 0.5 ≤ σH ≤ 0.5, (4.37)
and
− 5× 10−l ≤ lλH ≤ 5× 10−l (l = 2, 3, 4, 5), (4.38)
reducing the width of the range of the parameters by factor of ten for each higher order
in slow roll. For l ≥ 6, we approximate lλH = 0.
We also have to set the range of the number of e-folding during inflation to generate
inflation models. In most analysis done so far [16, 18, 19, 20], the following range is used
40 ≤ Ne ≤ 70. However, since we are going to consider the effects of the curvaton on the
models generated by this method and we have discussed that the e-folding number can be
changed due to the existence of the curvaton in the previous section, we need to set this
quantity taking the modification by the curvaton into account.
4.2 Effects of the curvaton
Now we discuss the effects of the curvaton on inflation models generated by this method.
Since the fluctuation of the inflaton and the curvaton are independent, we can calculate
the observational quantities according to Eqs. (2.22) and (2.24). As mentioned above,
we have to set the range of the e-folding number taking into account the modification
of the background evolution due to the curvaton. First we consider the case with small
curvaton initial amplitude (i,e., X ≪ 1). In this case, as discussed in the section 2.5,
the modification of the background evolution is relatively small. Thus, in generating the
inflation models, we adopt the original range of the e-folding number 40 ≤ Ne ≤ 70 even
for the case with the curvaton.
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In Fig. 6, we show how the distribution on the ns vs. r plane is modified. In the figure,
distribution for the standard case (without the curvaton) is shown in red color (or circles)
while that in the curvaton scenario with f˜ = 5 is indicated in blue color (or triangles). We
can see some clustering structures of generated models near the the second class of the
fixed point for the standard case. Importantly, most of such clustering region is excluded
by the WMAP data because of too small ns and/or too large r. With the curvaton, the
clustering occurs at the region with smaller value of r. Since r always decreases in the
curvaton scenario, the cluster is shifted to lower r region with curvaton. However, the
change of the spectral index due to the curvaton is not significant enough and hence, if
we take 40 ≤ Ne ≤ 70, the large class of generated inflation models are excluded falling
into the clustering region.
In Fig. 7, we also show the distribution on the ns vs. d lnns/dk plane. As one can see,
running of the index d lnns/dk is quite small even with the curvaton.
It is notable that the clustering structure shows up because of relatively large value
of Ne. If a second inflation occurs with the energy density of the curvaton, however, this
result may be changed. With the second inflation, significant expansion after the first
inflation is possible and hence Ne may drastically decrease. When the initial amplitude
of the curvaton becomes as large as Mpl, this can be the case. Then, Ne much smaller
than 40− 70 may be realized. For some inflation models, reduced value of Ne is too small
to make the point (ns − 1, r) into the clustering region and, consequently, the resulting
distribution on the ns vs. r plane becomes more scattered than the previous case. This
fact has some importance for models with −4ǫH + 2ηH > 1 (which means that, for some
scale, the primordial spectrum is blue-tilted) because the fixed point locates in the region
where ns − 1 < 0. For models where the initial values of the slow-roll parameters satisfy
the relation −4ǫH+2ηH > 1, the value of −4ǫH+2ηH can be reduced to make ns−1 ≃ 1 in
the course of approaching to the fixed point. As one can see, in the case with the curvaton,
larger number of points fall into the region consistent with the WMAP data (i.e., ns ≃ 1
with r <∼ 1) in Fig. 8 than in Fig. 6.
To be more quantitative, we perform the numerical analysis with smaller values of
Ne. The second inflation driven by the curvaton may decrease the number of e-folding
∆Ne = 20 − 30. Thus we take the range of the initial e-folding number as 10 ≤ Ne ≤ 40
assuming the second inflation due to the curvaton. (In fact, the present horizon scale has
to exit the horizon during the first inflation, which gives an upper bound on the initial
amplitude of the curvaton. Consequently, in the case with the second inflation, the f˜
parameter cannot be so large; see Eq. (2.20).) The results with the mild value f˜ = 3 are
shown in Figs. 8 and 9 in the ns vs. r and ns vs. d lnns/d ln k planes, respectively. As
one can see, compared to the case with 40 ≤ Ne ≤ 70, the distribution is more scattered
for 10 ≤ Ne ≤ 40. In particular, sizable number of the inflation models are moved into
the region with ns ≃ 1, the allowed region from the WMAP data, which is not the case
for the case without the second inflation. In fact, in the case with the second inflation,
the change of the distribution is mostly from the reduction of the e-folding number in the
first inflation. Thus, the effects of the curvaton fluctuation (i.e., the values of f˜) on the
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Figure 6: Inflation models generated by the flow equation in the ns−1 vs. r plane. Models
in the standard scenario are shown in red (circles) while the curvaton cases with f˜ = 5
are shown in blue (triangles).
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Figure 7: Inflation models generated by the flow equation in the ns − 1 vs. d lnns/dk
plane. Models in the standard and curvaton scenarios are shown in red (circles) and blue
(triangles) respectively.
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distribution of models in the ns vs. r plane is not so significant compared with the case
with small curvaton initial amplitude.
5 Summary
In this paper, we discussed the effects of the curvaton on inflation models from some general
points of view. For this purpose, first we classify inflation models in the ns vs. r plane into
three categories: the “small-field” models, “large-field” models and “hybrid-type” models.
For the case that the initial amplitude of the curvaton is small (φinit < Mpl) and that
the change of Ne being negligible, we have shown how the scalar spectral index and the
tensor-to-scalar ratio are modified for each models. In the “small-field” models, both
the spectral index and the tensor-to-scalar ratio are not affected by the curvaton much
(although slight increase in ns can be seen). In the “large-field” models, the spectral index
ns always increases and the tensor-to-scalar ratio is largely suppressed. In the “hybrid-
type” models, the spectral index always decreases which is the opposite effect compared
to the cases with the small-field and large-field models.
We also investigated the effects of the curvaton on inflation models generated by the
inflationary flow equation. Since we gave a general argument how the observable quantities
are affected by the curvaton, we can easily understand the modification of the structure
of distribution of inflation models generated by the inflationary flow equation.
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